We study optimal trading in an Almgren-Chriss model with running and terminal inventory costs and general predictive signals about price changes. As a special case, this allows to treat optimal liquidation in "target zone models": asset prices with a reflecting boundary enforced by regulatory interventions. In this case, the optimal liquidation rate is the "theta" of a lookback option, leading to explicit formulas for Bachelier or Black-Scholes dynamics.
Introduction
In classical models of optimal liquidation, the unaffected asset price is assumed to be a martingale [6, 3, 14, 1, 15] . This allows to focus on the liquidation program, while abstracting from signals about future price changes. The effect of such signals 1 is studied using stochastic control techniques in [8, 12] , leading to a PDE characterization for Markovian signals and explicit formulas in the special case where the signal processes have Ornstein-Uhlenbeck dynamics.
A rather different signal about future price changes is studied by [13] . Motivated by caps on exchange rates enforced by central banks, 2 they study the optimal liquidation of assets that reflect off an upper threshold. Under the assumption that the liquidating agent only sells at this most favorable execution price, 3 they characterize the optimal trading strategy by a PDE that admits a probabilistic representation in terms of catalytic superprocesses. Selling only at the highest possible price seems reasonable for agents with long liquidation horizons and low inventory costs. Yet, for shorter planning horizons or higher inventory costs, substantial immediate trading is necessary since it becomes too costly to wait for the asset price to approach its maximum.
In the present study, we solve the optimal liquidation problem with a price cap without constraining the selling price. To do so, we first extend the results of [12] on trading with running and terminal inventory costs to general, not necessarily Markovian trading signals by adapting the calculus-of-variations argument developed for optimal tracking problems in [5, 7] . As a special case, this allows to treat optimal liquidation for the case of reflected price processes: these reduce to computing the "theta" 4 of a lookback call option. If the unaffected price process is modelled by a Bachelier or Black-Scholes model, the optimal trading rate can in turn be computed in closed form up to the numerical evaluation of an integral with explicit integrand. These results confirm the intuition outlined above. Indeed, we find that all sales occur close to the barrier if inventory costs are low. In contrast, for higher inventory costs, the influence of the barrier diminishes, as it becomes prohibitively expensive to hold an asset position while the asset price is far from its upper bound.
The remainder of this paper is organized as follows. The general model and the special case of a price cap are introduced in Section 2. The solution of the general trading problem with inventory costs is subsequently derived in Section 3 and applied to optimal liquidation in models with a price cap in Section 4.
Notation Throughout, we fix a filtered probability space (Ω, F, {F t } t∈[0,T ] , P) satisfying the usual conditions and write
The set H 2 denotes the special semimartingales whose canonical decomposition S = M + A into a (local) martingale M and a predictable finite-
Finally, we write V for the progressively measurable processes u satisfying E[
Model
We consider optimal trading in a risky asset with price process P ∈ H 2 . The asset position at time t ∈ [0, T ] is denoted by X t , where the given initial position is X 0 := x > 0. As in [3] , the position can only be adjusted gradually, since trades incur a cost λ > 0 quadratic in the selling rate u t := −dX t /dt. With a running inventory cost γ > 0 and a terminal inventory cost Γ > 0, this leads to the following standard goal functional: 5
For asset prices with martingale dynamics, criteria of this type were first introduced by [2, 10] and subsequently studied by, e.g., [16, 4, 11] . If the asset price is of the form dP t = I t dt + dM t for a one-dimensional diffusion I, then (2.1) corresponds to the setup of [12] . Here, we allow for more general -potentially singular -asset dynamics. This allows to cover the "target zone models" studied in [13] , where the asset price is capped at some finite level:
Example 2.1. Consider a martingale M ∈ H 2 and a constantP ≥ M 0 . Then the price "capped" at levelP is defined as the solution of the Skorokhod map
where M * t := sup s∈[0,t] M s . This corresponds to the minimal amount of intervention necessary to keep the asset price below levelP , akin to regulatory interventions to keep an exchange rate below a certain threshold.
General Solution
In our general -not necessarily Markovian -setup, the dynamic programming approach of [12] is no longer applicable. Instead, we adapt the calculus-of-variation argument of [5, 7] to the present setting, where the asset has a general -possibly singular -drift.
As the goal functional u → V (u) is strictly concave, it has a unique maximumû characterized by the first-order condition that the Gâteaux derivative V ′ (û) vanishes at this critical point. This leads to a system of linear forward-backward stochastic differential equations (FBSDEs) for the optimal trading rate and the position, which can be solved explicitly:
Let P = P 0 + M + A be the canonical decomposition of the (special) semimartingale P into a local martingale M and a finite-variation process A, and define
The unique maximizerû of u → V (u) over V solves the (random) linear differential equation
so that the optimal liquidation trajectory is given by
The corresponding optimal value for (2.1) is
Proof. We adapt the argument from [5, 7] . Recall that X t = x − t 0 u s ds. Therefore, X is an affine function of u. As the goal functional (2.1) is a quadratic in (u, X) with strictly negative quadratic coefficients, it admits a unique maximizer characterized by the critical point; see, e.g., [9] . We now solve for this critical point in feedback form.
Step 1: Compute the Gâteaux derivative. We fix a direction of variation α ∈ V and compute
This derivative has to vanish for any variation at the critical pointû, which is equivalent to
We therefore obtain that the optimal trading rateû and the corresponding optimal position Xû solve the following system of linear forward-backward stochastic differential equations (FBSDE):
Here, N is a square-integrable martingale that needs to be determined as part of the solution.
Step 2: Solve the FBSDE for the critical point. Setting,
the FBSDE (3.5) can be written in vector form as
Integration by parts shows that d(e −Bt Y t ) = 1 2λ e −Bt dZ t and in turn
Now, multiply by (Γ/λ, −1), take into account the terminal condition (Γ/λ, −1)Y T = 0, and use
As a consequence,
After solving for the trading rate and taking conditional expectations, this giveŝ
By the Doob-Meyer decomposition and since P ∈ H 2 , we can replace dP s with dA s . The variation of constants formula now yields the explicit formula (3.2) for the corresponding optimal position Xû. Since both G and G ′ are bounded from above and below away from zero, we have
and henceû ∈ V by Fubini's theorem.
Step 3: Compute the value function. The first-order condition 0 = V ′ (û), α for α =û and its consequence (3.4) for t = 0 imply
Integration by parts as well as the Formulas (3.1) forû 0 and (3.2) for Xû t in turn show that
Since the price process P ∈ H 2 can be replaced by its finite-variation part A in the right-most expectation, the asserted form of the optimal value now follows from Fubini's theorem and the definition of v 1 (t).
Remark 3.2. The optimal trading rate (3.2) consists of two parts. The first prescribes to sell the initial position at a deterministic rate to reduce inventory. The second exploits signals about future price changes as summarized by a discounted conditional expectation of the asset's predictable drift.
If the asset price P is a martingale, the second term disappears and we obtain the classical optimal liquidation result of [3] . 
Solution for Target-Zone Models
We now apply Theorem 3.1 to the target-zone model of Example 2.1, where
for a martingale M ∈ H 2 , its running maximum M * t = max s∈[0,t] M s and a constant price cap P ≥ M 0 . The key to applying Theorem 3.1 is to compute the conditional expectation of future price changes. For the target zone models, we have
is the price at time t ∈ [0, T ] of a lookback call option on M with fixed strikeP ∨ M * t and maturity s ∈ [t, T ] . We have therefore reduced the computation of the optimal trading strategies from Theorem 3.1 to the calculation of the "theta" of a lookback call option written on the uncapped asset price. If the uncapped asset price follows arithmetic or geometric Brownian motions, the joint distribution of Brownian motion and its running maximum can in turn be used to compute the optimal trading strategy explicitly.
Bachelier Model
Suppose that M t := M 0 + σB t , where B is a standard one-dimensional Brownian motion, M 0 ∈ R and σ > 0 are constants, so that L s (t) is the price of a lookback call in the Bachelier model. A straightforward calculation shows that
Thus, the optimal trading rate from Theorem 3.1 isû t =ū(t, Xû t , P t ), wherē
and where the constant β and the function G are defined as in Theorem 3.1. Settinḡ
we observe thatū AC is the optimal trading speed in the absence of a price cap, cf. [3] , which does not depend on the current asset price. In contrast, with a price cap, the optimal trading speed also depends on the distance of the current asset price P t from the capP throughū BA . Sinceū BA ≥ 0, the position is liquidated at a higher rate if a price cap is present. The additional rateū BA (t, p) is decreasing inP −p and maximized at p =P , i.e., most additional trading happens when the current asset price is near the price cap. In [13] , it is assumed that the asset is only sold when its price p coincides with the price capP . Our unconstrained solution shows that this assumption is justified for small inventory costs γ, Γ. Indeed, suppose for simplicity that γ = Γ, so that the function G depends on the model parameters only through β = γ/λ:
One then immediately verifies that lim β↓0ū AC (t, x; β) = 0 and lim
Whence, for small inventory costs γ = Γ, the optimal trading rate is largely determined byū BA . In particular, the trader sells at a high rate if the asset price p is close to the price capP , whereas the trading rate vanishes as the differenceP − p becomes large. For γ = Γ = 10 −5 and
this is illustrated in Figure 1 . There, we plot the optimal trading rateū and the relative increase (ū−ū AC )/ū AC =ū BA /ū AC of the optimal rate compared to the Almgren-Chriss solution as functions of length of the liquidation period T − t and moneynessP − p. We observe that the optimal trading rate in this case is almost equal to zero if the asset price p is away from the price capP , i.e., the asset is only sold near the price cap. In particular, at this critical levelP , the trading rate with price cap is up to 10 4 times higher than the trading rate without price cap. Therefore, in this low inventory cost regime, only allowing trades at p =P as in [13] is a reasonable approximation.
The corresponding results for higher inventory costs γ = Γ = 1 are reported in Figure 2 . (All the other model parameters are the same as for the previous example.) We observe that the optimal rate is decreasing as a function of moneynessP − p and increasing as a function of the liquidation period T − t. The plot of the relative increaseū BA /ū AC shows that as the asset price p approaches the price capP , there is an increase in the liquidation rate of initially more than 30%. This additional effect is more pronounced if the trading horizon T − t is large and vanishes for small liquidation periods. However, except for small values of moneyness, the qualitative shape of the optimal rate is for the most part determined by the Almgren-Chriss rateū AC . In other words, unless the asset price is close to the price cap, the trader with higher inventory costs essentially neglects its presence. 
Black-Scholes Model
Now suppose that the uncapped asset price M follows a geometric Brownian motion, M t := M 0 exp σB t − 1 2 σ 2 t for a standard Brownian motion B and constants S 0 , σ > 0. Then, the computation of the optimal selling rate boils down to the computation of the theta of a lookback call in the Black-Scholes model. A standard calculation shows d s L s (t) = M t σ √ s − t φ f (s − t, M t , P t ) + σ 2 2 Φ f (s − t, M t , P t ) ds, where Φ denotes the cumulative distribution function of the standard normal law, and
Therefore, the optimal liquidation rateû iŝ u t =ū AC (t, Xû t ) +ū BS (t, M t , P t ), As in the Bachelier model, the trader liquidates the position at a higher rate if a price cap is present sinceū BS ≥ 0, and the effect is more pronounced for small trading costs λ. Moreover, we have d df
from which we infer thatū BS is decreasing inP − p since f (s − t, m, p) ≤ σ √ s − t/2 and f is clearly decreasing inP − p. This is again in line with our findings in the Bachelier model. In contrast to the Bachelier model, however, the additional rateū BS also depends on the uncapped asset price M t and the dependence is monotonically increasing. Nevertheless, the numerical results in the Black-Scholes model are qualitatively very similar to their counterparts for the Bachelier model, compare [10] ; we therefore do not report them here.
